
Role of Porositv in Filtration IX Skin Effect with Highly 
J 

Compressible Materials 

An understanding of the interplay of hydraulic pres- 
sure, compression drag pressure, flow resistance, flow rate, 
and porosity is essential to the field of cake filtration. De- 
sign of equipment requires a knowledge of rate of filtrate 
flow and average porosity as functions of applied pressure. 
When compressible materials exhibit rapid changes in 
flow resistance at low pressures, a thin skin of dry, re- 
sistant material is formed next to the media during filtra- 
tion. Most of the hydraulic pressure drop is located within 
that narrow region. The rate of filtration can reach a maxi- 
mum at relatively low pressures. Increasing pressure has 
little effect on reduction in average porosity, and deliquor- 
ing by direct pressure increase is ineffective. Thus filtra- 
tion of such materials is best accomplished with Iow pres- 
sures encountered in gravity or vacuum operation. 

Few authors have treated the question of porosity varia- 
tion in compressible filter cakes although it is fundamental 
to both qualitative and quantitative problems of design 
and operation of solid-liquid separation equipment. Hutto 
(1957) and Shirato (1956) have both published data 
giving porosity as a function of distance through the bed. 
Tiller and Cooper ( 1962) developed analytical formulas 
for porosity and hydraulic pressure as a function of frac- 
tional distance for materials following modified power 
functions relating porosity, flow resistance, and solid com- 
pressive pressure. They provided criteria by which it was 
possible to classify widely divergent porosity behavior of 
different kinds of materials. 

HYDRAULIC AND COMPRESSIVE DRAG PRESSURES 

When solids are precipitated at the surface of a one- 
dimensional cake, the liquid flows through the interstices 
of the solid and exits at the other side. The hydraulic 
pressure p~ drops throughout the cake as the liquid flows 
frictionally past the individual particles. The drag im- 
parted to the particles results in a compaction process 
which causes the porosity to decrease. The total drag 
force which is imparted from one particle to another at 
points of contact divided by the cross-sectional area is 
termed the compressive drag pressure p,. In the normal 
approach to filtration theory (Tiller and Lloyd, 1972), the 
hydraulic and drag pressures are related by 

pL + p s  = p 
dpL -I- dps = 0 

where p may be constant or a function of time, and p~ and 
p s  are correspondingly functions of distance x from the 
media or x and t. It is assumed that the local porosity E 

and local filtration (or flow) resistance Q or permeability 
K are unique functions of p,. While such an assumption 
has no theoretical basis, it serves as a useful approximation 
for developing the theory of flow through porous media. 

(1) 

(2) 

The Shirato (Shirato et al., 1969) flow equation 

dPL - = l l ( ~ ( q  - er) 
dw (3) 

can be used in combination with Equation ( 2 )  to deveIop 
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formulas for porosity and hydraulic pressure variations. 
The ( q  - e l )  term where q and r are respectively the 
superficial flow rates of liquid and solid expressed as vol- 
ume/(area) (time) and e is the void ratio aiises from 
consideration of the velocity of the liquid relative to the 
solid. In fixed beds, r = 0; and for dilute sluiiies (con- 
centration of solids in slurry less than half of average 
concentration in cakes), it can be neglected. LVhen 1’ is 
placed equal to zero, (3 )  ieduces to the conventional 
Huth equation 

(4) dPL - dps - p q  ----- 
dw dw 

or the Darcy equation 

(5) 
dps 1 - - = - p q  dPL - -- 

dx dx K 

where K is related to Q by 

K = l / p s a ( l  - S )  (6) 
a n d d w = p , ( l - e )  dx 

FLOW RATE VS. PRESSURE 

The Darcy equation* may be rearranged in the form 

where p ,  is chosen for the independent variable as K, a, 
and E are assumed to be functions of the solid compressive 
pressure and not p ~ .  Equation (7) can be integrated over 
a portion of the cake and then the entire cake. The limits 
of integration are given by 

X P .  P L  

Medium 0 P 0 
Inside cake X P s  P L  
Surface L 0 P 

where it is assumed that the medium resistance is negli- 
gible. Integrating from 0 to x and 0 to L yields (Tiller 
and Risbud, 1972) 

1 
p q ( L  - x) = Kdp, = - f d p s / ~ ( l  Ps - E )  (8) 

1 
r q L  = Jop Kdps = - Ps [ d p s / a ( l  - C )  (9) 

Equation ( 9 )  provides a relationship between the flow 
rate, thickness L, and the pressure drop p across the cake. 

If Equation (8) is divided by Equation (9) one obtains 

* Equation (7) is sometimes called the Darcy-Schlicter equation. See 
SchIicter (1897-98). 
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(10) - - - -- 
d p J a ( 1 -  €1 s,” =pa 

L 

This equation gives the fractional distance through the 
cake as a function of the upper limit p ,  of integration. It 
indicates that the x / L  versus p ,  curves are independent 
of flow and total thickness. In turn, p~ (equal to p - p , )  
and c can be related to x/L through their functional rela- 
tionships to pa. 

CALCULATED RESULTS 

Three widely different substances (latex, Grace, 1953; 
Gairome clay, Shirato and Okamura 1956; solkafloc, Nieto, 
1967, and Lu, 1968) were chosen to illustrate the results 
which may be expected during filtration. The porosity and 
filtration resistance are shown in Figures 1 and 2. The 
resistance and porosity of the latex change radically with 
pressure. At high pressure, a for latex takes on values of 
fairly resistant materials in the neighborhood of 1-10 tera 
( 10l2) filtration resistance units (m/kg) whereas solkafloc 
as a filter aid assumes values one thousandth as great in 
the range of 1 to 10 giga (109) filtration resistance units. 
Gairome clay lies in an intermediate position. 

I t  is virtually impossible to obtain accurate values of (I 

and c at low pressure below 5 to 10 kN/m2. The dotted 
portions of the curves represent extrapolations of the data. 

In Figure 3, plots of l / a ( l -c )  vs. p ,  are shown for 
two of the materials. In the case of latex, the area under 
the curve becomes almost negligible above 10 kN/m2. 
That behavior is a direct result of the precipitous rate of 
increase in the value of a in the low pressure range. As 
Equation (9)  indicates, the flow rates are proportional to 
the area under the curves in Figure 3. In Figure 4, the 
rate-thickness product ( 9 L )  for the three materials is 
plotted as a function of the total pressure p .  The rate- 
thickness product for latex rises to a maximum at a low 
pressure whereas it continues to increase with pressure 
for the solkafloc and Gairome clay. At 10 kN/m2 which is 
roughly equivalent to the driving force produced by a 
head equivalent to a meter of water, the rate-thickness 
product is close to its limiting value, Thus, either vacuum 
or gravity filtration would be indicated for latex. Pressure 
filtration would be the operation of choice for the Gairome 
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clay. The flow rates are small and increase regularly with 
pressure. With the solkafloc, gravity, vacuum, or pressure 
could be employed. The rates are high at low pressure 
and increase with increasing pressure. 

Analysis of the porosity and hydraulic pressure varia- 
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Fig. 2. Specific resistance vs. pressure. 

PRESSURE, KN/m2 

Fig. 3. Graph of l /a( l -e)  vs. pressure. 
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Fig. 4. Rate-thickness product vs. pressure. 

I 

tion with fractional distance through the cake illustrates 
the skin effect for latex which explains the leveling off 
of the rate-thickness product with increasing pressure. In 
Figure 5,  the hydraulic pressure as calculated from Equa- 
tion (10) is shown as a function of x /L .  A logarithmic 
scale is used for x / L  in order to enlarge the area of the 
skin effect which occurs with latex. There is very little loss 
in hydraulic pressure until 95 to 99% of the cake has been 
traversed depending upon the total pressure. With the 
other substances, the hydraulic pressure diminishes more 
uniformly throughout the cake, and there is no skin effect. 

In Figure 6, the porosity is plotted against x/L.  Once 
again the pronounced variation near the medium for the 
latex can be seen. In addition to adversely affecting the 
rate-thickness as a function of pressure, the skin effect is 
also deleterious to the average porosity. In many industrial 
filtrations, the pressure at the end of filtration is carried 
to a high value in order to squeeze liquid out of the cake. 
Although examination of the latex porosity data in Figure 
2 would lead one to believe that substantial quantities of 
liquid could be expressed, such is not the case. Study of 
Figure 6 shows that the porosity is unaffected by pressure 
through 90% of the cake even at applied pressures as 
high as 7 MN/m2. Thus, the average porosity of the en- 
tire cake is only marginally affected by total pressure even 
though there is a relatively large change in the skin. 

In the case of a material like latex, much better de- 
liquoring can be accomplished by mechanical expression 
(Shirato et al., 1970). When a mechanical load is applied 
through a membrane or piston to a cake, the mechanical 
pressure is uniformly (except for wall friction, Tiller and 
Lu, 1972) distributed through the cake in contrast to the 
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compressive drag pressure. Thus the full efect of the 
compression is realized throughout the cake in a mechan- 
ically actuated system. 
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NOTATION 

e 
K = permeability, m-2 
L = cake thickness, m 
p = applied pressure, N/m2 
p ~ .  = hydraulic pressure, N/m2 

= void ratio, e / (  1 - e )  
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Fig. 5. Hydraulic pressure vs. fractional cake thickness. 
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Fig. 6. Porosity vs. fractional cake thickness. 
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p ,  
q 
q L  = rate-thickness product, m2/s 
7 

x = distance from medium, m 
w 
Greek Letters 

cu 
t 

p 
ps 
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Overcoming Deficiencies of the Two-Level Method for 
Systems Optimization 
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Avery and Foss (1971) have demonstrated that the 
method of two-level optimization ( Brosilow and Lasdon, 
1965; Brosilow and Nunez, 1968) may not be generally 
applicable to chemical process design problems due to 
the mathematical character of commonly encountered 
objective functions. The purpose of this communication 
is to demonstrate that this shortcoming can in fact be 
overcome by using a new algorithm proposed by the 
authors (1973) .  

Consider the following sequential unconstrained prob- 
lem. (Constraints and recycles do not change the follow- 
ing results, and we want to keep the presentation here as 
simple as possible.) 

N 

 in { FIF = 2 4i(xi, ui), x i + l =  fi(xi, ui), 
i=1  

B = 1, . . ., N ,  x1 = xlo (given) (PI )  1 
The Lagrangian for this problem is 

N 

L = 2 {+i(xi, Ui) - XiT xi + hi+ lT fi  (xi, ~ i )  } 
f=1 

-k A i T X i o  - h + i T X ~ + i  

The natural boundary condition on  AN+^ is A N + I  = 0 
which yields 

N 

L = 2 &(Xi, Uir hi, A i + l )  + A l T ~ l 0  
1=1 

Next we define problem (P2) as 

c J 
(P2) 

and finally the general Lagrange problem (P3) 

Max h(A1, . . . , AN) (P3) 
Ai,..  .,AN 

The two-level method involves solving (P3) by first guess- 
ing the multipliers XI, . . ., AN, solving the subproblem 
minimizations in (P2) ,  and then adjusting the multipliers 
until h( hl, . . . , A,) is maximized. If the point (21, . . . ,‘&, 

ian, then the point (%:, . . . ,?&,/iz1, . . . ,4~) solves problem 
( P l )  and (XI, . . ., A,) solves problem (P3) .  

The two-level optimization procedure fails if no saddle 
point exists for the Lagrangian. Avery and Foss demon- 
strated that in a simple heat recovery network no such 
saddle point can exist. Their article shows that for their 
problem the stationary points for the sub-Lagrangians Zi in 
(P2) are never at a minimum with respect to the xi and 
ui. Under these conditions the actual minimum found in 
(P3) will typically be a t  extreme values, that is, on the 
constraints, of the xi and ui variables. Usually this result 
precludes any chance that the equality constraints will 
be satisfied for ( P l ) ,  and thus solving (P3)  will fail to 
solve ( P l ) .  

I\ u1, . . .,a,; A l ,  . . .,A,) is a saddle point of the Lagrang- 
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